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Transition Radiation by Neutrinos at an Edge of Magnetic Field
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We calculate the transition radiation process ν → νγ at an interface of magnetic field and
vacuum. The neutrinos are taken to be with only standard-model couplings. The magnetic field
fulfills the dual purpose of inducing an effective neutrino-photon vertex and of modifying the photon
dispersion relation. The transition radiation occurs when at least one of those quantities have
different values in different media. The neutrino mass is ignored due to its negligible contribution.
We present a result for the probability of the transition radiation which is both accurate and analytic.
Introduction.-
In many astrophysical environments the absorption,
emission, or scattering of neutrinos occurs in media, in
the presence of magnetic fields [1] or at the interface of
two media. Of particular conceptual interest are those
reactions which have no counterpart in vacuum, notably
the plasmon decay γ → ν¯ν, the Cherenkov and tran-
sition radiation processes ν → νγ. These reactions do
not occur in vacuum because they are kinematically for-
bidden and because neutrinos do not couple to photons.
In the presence of a media (or a magnetic field), neu-
trinos acquire an effective coupling to photons by virtue
of intermediate charged particles. In uniform media (or
external field) the dispersion relations are modified of
all particles so that phase space is opened for neutrino-
photon reactions of the type 1 → 2 + 3. The violation
of the translational invariance at the direction from one
media into another leads to the non conservation of thr
momentum at the same direction so that transition radi-
ation becomes kinematically allowed.
The theory of the transition radiation by charged par-
ticle has been diveloped in [2][3]. It those articles authors
used classical theory of electrodynamics. In [4] the quan-
tum field theory was used for describing the phenomenon.
The neutrinos have very tiny masses. Therefore one has
to use the quantum field theory approach in order to
study transition radiation by neutrinos.
The plasma process γ → ν¯ν was first studied in [5].
The ν-γ-coupling is enabled by the presence of the elec-
trons of the background medium, and the process is kine-
matically allowed because the photons acquire essentially
an effective mass. The plasma process is the dominant
source for neutrinos in many types of stars and thus
is of great practical importance in astrophysics [1]. In
a plasma there are electromagnetic excitations, namely,
the longitudinal plasmons, γL, which four-momentum are
space like for certain energies. The Cherenkov decay
ν → νγL was studied in [6].
The presence of a magnetic field induces an effective
ν-γ-coupling. The Cherenkov decay in a magnetic field
was calculated in [7]. The γ → ν¯ν decay rate was cal-
culated in [8], assuming that phase space is opened by
a suitable medium- or field-induced modification of the
photon refractive index.
At the interface of two media with different refractive
indices the transition radiation by standard model neu-
trinos, ν → νγ, was studied in [9]. Transition radiation
by neutrinos with large magnetic/electric dipole moment
was studied in [10].
The magnetic field causes an effective ν-γ-vertex in the
standard-model. Also the magnetic field changes pho-
ton’s dispersion relation. We neglect neutrino masses and
medium-induced modifications of their dispersion rela-
tion due to their negligible role. Therefore, we study the
transition radiation entirely within the particle-physics
standard model.
We proceed by deriving a general expression for the
transition radiation rate (assuming a general ν-γ-vertex)
in quantum field theory. We derive the standard-model
effective vertex in a magnetic field, then we calculate the
transition radiation rate by performing semi-analytical
integrations and summarize our findings.
Transition Radiation.-
Let us consider a neutrino crossing the interface of two
media with refraction indexes n1 and n2 (see Fig. 1). In
terms of the matrix element M the transition radiation
probability of the process ν → νγ is [9]
W =
1
(2π)3
1
2Eβz
∫
d3p′
2E′
d3k
2ω
∑
pols
∣∣∣∣∫ ∞
−∞
dzei(pz−p
′
z−kz)zM
∣∣∣∣2
× δ(E − E′ − ω)δ(p′x + kx)δ(p′y + ky) . (1)
Here, p = (E,p), p′ = (E′,p′), and k = (ω,k) are the
four momenta of the incoming neutrino, outgoing neu-
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FIG. 1: Transition radiation by neutrino at an interface of
two media with refractive indexes n1 and n2.
2trino, and photon, respectively and βz = pz/E. The sum
is over the photon polarizations.
We shall neglect the neutrino masses and the deforma-
tion of its dispersion relations due to the forward scat-
tering. Thus we assume that the neutrino dispersion re-
lation is precisely light-like so that p2 = 0 and E = |p|.
The transition radiation formation zone length of the
medium is
|pz − p′z − kz|−1. (2)
The integral over z in Eq. (1) oscillates beyond the
length of the formation zone. Therefore, the contribu-
tions to the process from the depths over the formation
zone length may be neglected. The neutrino transfers
the z momentum (pz − p′z − kz) to the medium. Since
photon propagation in the medium suffers from the at-
tenuation(absorption) the formation zone length must be
limited by the attenuation length of the photons in the
medium when the latter is shorter than the formation
zone length.
After integration of (1) over p′ and z we find
W =
1
(2π)3
1
8Eβz
∫ |k|2d|k|
ωE′β′z
sin θ dθ dϕ
×
∑
pols
∣∣∣∣∣ M(1)pz − p′(1)z − k(1)z − M
(2)
pz − p′(2)z − k(2)z
∣∣∣∣∣
2
,(3)
where β′z = p
′
z/E
′, θ is the angle between the emitted
photon and incoming neutrino. M(1,2) are matrix ele-
ments of the ν → νγ in each medium. k(i)z and p′(i)z
are z components of momenta of the photon and of the
outgoing neutrino in each medium.
In a magnetic field the photon refractive index is not
isotropic, and it depends on the photon polarization. Ac-
cording to Adler’s classic paper [15] there are two eigen-
modes of photon propagation, one with the polarization
vector parallel (‖) and one perpendicular (⊥) to the plane
containing k and B.[16] The refractive index to lowest
order in α in magnetic field is n‖,⊥ = 1 +
α
4piη‖,⊥ sin
2 β,
where β is the angle between k and B. The numerical co-
efficients η‖,⊥ depend on B, ω, and β . For B = O(Bcrit)
they are of order unity. In the matter ( without magnetic
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FIG. 2: Transition radiation by neutrino at the interface of
two media with refractive indexes n1 and n2.
field) the index of refraction of the transverse photons is
n = 1− ω2
2ω2
plasmon
and thus 1−n≪ 1 when ω ≫ ωplasmon.
Therefore, for all situations of practical interest we have
|n‖,⊥ − 1| ≪ 1.
As it is shown below the main contribution to the pro-
cess comes from the large formation zone lengths and,
thus, small angle θ. Therefore, the rate of the process
does not depend on the angle between the momenta of
the incoming neutrino and the boundary surface of two
media (if that angle is not close to zero). The integration
over ϕ drops out and we may replace dϕ→ 2π. k(i)z and
p
′(i)
z have the forms
k(i)z = n
(i)ω cos θ, p′(i)z =
√
(E − ω)2 − n(i)2ω2 sin2 θ ,
(4)
here we used n(1,2) = |k|(1,2)/ω.
Moreover the outgoing photon propagates parallel to
the original neutrino direction.
We do not need to distinguish between ω and |k| =
nω = ω[1 +O(α)]. Therefore, to lowest order in α the
transition radiation probability Eq. (3) is found to be
W =
1
(2π)2
1
8E2
∫
ω sin θ dω dθ
(1− ω
E
)
×
∑
pols
∣∣∣∣∣ M(1)pz − p′(1)z − k(1)z − M
(2)
pz − p′(2)z − k(2)z
∣∣∣∣∣
2
.(5)
The Neutrino-Photon-Vertex
In a magnetic field, photons couple to neutrinos by
the amplitudes shown in Figs. 2(a) and (b). The elec-
tron propagator, represented by a double line, is modified
by the field to allow for a nonvanishing coupling. It has
been speculated that superstrong magnetic fields may ex-
ist in the early universe, but we limit our discussion to
field strengths not very much larger than Bcrit = m
2
e/e
which is the range thought to occur in pulsars. There-
fore, while in principle similar graphs exist for µ and τ
leptons, we may neglect their contribution. For the same
reason we may ignore field-induced modifications of the
gauge-boson propagators. Moreover, we are interested
in neutrino energies very much smaller than the W - and
Z-boson masses, allowing us to use the limit of infinitely
heavy gauge bosons.
The ν-γ-vertex in a magnetic field has been investi-
gated in [7]. According to that result the matrix element
for the ν-γ vertex can be written in the form
M = − GF√
2 e
Zεµν¯γν(1− γ5)ν (gVΠµν − gAΠµν5 ) (6)
here gV = 2 sin
2 θW +
1
2 and gA =
1
2 for νe, and
gV = 2 sin
2 θW− 12 and gA = − 12 for νµ,τ . Π is the photon
polarization tensor or vector-vector (VV) response func-
tion in the magnetic field, while Π5 is the vector-axial
vector (VA) response function. ε is the photon polar-
ization vector and Z its wave-function renormalization
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FIG. 3: Neutrino-photon coupling in an external magnetic
field. The double line represents the electron propagator in
the presence of a B-field. (a) Z-A-mixing. (b) Penguin di-
agram (only for νe). (c) Effective coupling in the limit of
infinite gauge-boson masses.
factor. For the physical circumstances of interest to us,
the photon refractive index will be very close to unity so
that we will be able to use the vacuum approximation
Z = 1.
The VA response function is [7]
Πµν5 (k) =
e3
(4π)2m2e
{
−C‖ kν‖ (F˜ k)µ
+ C⊥
[
kν⊥(kF˜ )
µ + kµ⊥(kF˜ )
ν − k2⊥F˜µν
]}
, (7)
where
C‖ = im
2
e
∫ ∞
0
ds
∫ +1
−1
dv e−isφ0(1 − v2)
C⊥ = im
2
e
∫ ∞
0
ds
∫ +1
−1
dv e−isφ0R (8)
are dimensionless coefficients which are real for ω < 2me,
i.e. below the pair-production threshold. In Eq. (8)
φ0 = m
2
e +
1− v2
4
k2‖ +
cos zv − cos z
2z sin z
k2⊥, (9)
R =
1− v sin zv sin z − cos z cos zv
sin2 z
, (10)
z = eBs. F˜µν = 12ǫ
µνρσFρσ with ǫ
0123 = 1 is the dual of
the field-strength tensor.
In the presence of matter the ν-γ-vertex is the sum
of the vacuum one (as discussed above) and the matter
contribution. It is well known that the last one is pro-
portional to the small parameter (n− 1)2 ≪ 1. We’ll ig-
nore matter contribution to the ν-γ-vertex in the present
work.
Transition Radiation Probability
Armed with these results we may now turn to an eval-
uation of the rate for ν → νγ at an interface of magnetic
field and vacuum. It is easy to see that for both pho-
ton eigenmodes the parity-conserving part of the effec-
tive vertex (Πµν) is proportional to the small parameter
(n‖,⊥ − 1)2 ≈ (α/2π)η‖,⊥ sin2 β. It is important to note
that the parity-violating part (Πµν5 ) is not proportional
to this small parameter for the ‖ photon mode, while it
is proportional to it for the ⊥ mode.
For neutrinos which propagate perpendicular to the
magnetic field the transition radiation probability of ‖
photons is
W =
αG2F
9 26π5
(
B
Bcrit
)2 ∫
h(B)
ω5 sin θdωdθ
(pz − p′z − kz)2
. (11)
where
h(B) ≡ 9
16
(C‖ − 2C⊥)2. (12)
It turns out that in the range 0 < ω < 2me the expression
C‖/2 − C⊥ depends only weakly on ω so that it is well
approximated by its value at ω = 0. Explicitly, this is
found to be
h(B) =
{
(4/25) (B/Bcrit)
4 for B ≪ Bcrit.
1 for B ≫ Bcrit.
(13)
p′z in Eq. (11) is
p′z =
√
(E − ω)2 − n2ω2 sin2 θ . (14)
The maximal allowed angle, θmax , for the photon emis-
sion is π/2 when ω < E2 and sin θmax =
E−ω
ω
when
ω > E2 .
Now we expand the integrand (11) into the series in
small angle, since only in that case the denominator is
small (and the formation zone length is large). Thus we
write the transition probability in the form
W ≃ αG
2
F
9 26π5
(
B
Bcrit
)2
h(B)
∫
4(1− ω
E
)2ω3θdωdθ
(θ2 + (1− n2)(1 − ω
E
))2
.
(15)
When n < 1 eq. (15) can be written in the form
W ≃ αG
2
F
9 26π5
(
B
Bcrit
)2
h(B)
∫
2(1− ω
E
)ω3dω
(1− n2) . (16)
Eqs. (15) and (16) present the main results of the
present work.
The index of refraction of photon is greater than 1,
n > 1, for photon energies ω < 2me and in pure magnetic
field . The pole appears in the denominator under the
integral of eq. (15). Therefore outgoing radiation will be
a combination of Cherenkov [7] and transition (15) ones.
4When 0 < (1 − n) ≪ 1 and we limited the thickness of
magnetic field to d, the resulting radiation probability
will be one from eq (15 with replacement of 11−n under
the integral to 2πω. This probability will exactly coincide
with the probability of the cherencov radiation , d ΓCher,
where ΓCher is cherencov radiation rate from [7]. Thus,
in that case both results gave the same answer.
When the process is taking place in presence of some
matter (plasma, air), matter contribution to the index of
refraction may overcome the magnetic field contribution,
and the index of refraction will be less than 1, n < 1.
In that case, only transition radiation will be responsible
for outgoing photon according to eq. (16).
Our result is very similar to the electron transition
radiation. Our previous work on the subject, transition
radiation by neutrino at an interface of matter and vacua
[9], has an additional suppression by the square of the
small angle, θ2.
When the magnetic field has an opposite direction on
each side from the interface, both sides give the same sign
contribution to the transition radiation amplitude (unlike
usual electron transition radiation when they subtract
from each other and exactly cancel each other when n1 =
n2) and the resulting probability will be 4 times larger
than (16).
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